We investigate the properties of mixed stars formed by hadronic and quark matter in β-equilibrium described by appropriate equations of state (EOS) in the framework of relativistic mean-field theory. We use the non-linear Walecka model for the hadron matter and the MIT Bag and the Nambu-Jona-Lasinio models for the quark matter. The calculations were performed for T = 0 and for finite temperatures in order to describe neutron and proto-neutron stars. The star properties are discussed. Both the Bag model and the NJL model predict a mixed phase in the interior of the star.
Introduction and formalism
Protoneutron stars appear as an outcome of the gravitational colapse of a massive star. During its early evolution a protoneutron star with an entropy per baryon of the order of 1 to 2 contains trapped neutrinos. After 10 to 20 seconds, the star stabilizes at practically zero temperature and no trapped neutrinos are left [1] . The correct calculations of the star properties depend on the appropriate equations of state (EOS) that describe its crust and interior. The crust of the neutron star, where density is low is believed to be adequately described by hadronic matter. Its interior, however, where density is of the order of 10 times nuclear saturation density remains to be properly understood. Whether the central part of the star is composed of quark matter only, of mixed matter or of paired quark matter has been the subject of many works recently.
In this work we investigate the properties of mixed stars formed by hadronic matter at low densities, mixed matter at intermediate densities and quark matter at high densities. We use the non-linear Walecka model for the hadron phase [2] and the MIT Bag [3] and the Nambu-Jona-Lasinio [4] models for the quark matter. We also study the role of the hyperon coupling constants in the appearance of the phase transition to quark matter and the change of strangeness composition with density. Mixed star properties are obtained by solving the appropriate equations for temperatures up to 30 MeV.
Most of the formulae used for the lagrangian densities, energies, pressures, partition functions, etc, are not shown in this paper because they are standard equations and can be seen, among others, in reference [5] . For the hadron phase we have used the non-linear Walecka model with the inclusion of hyperons. We have chosen to work with a parametrization which describes the properties of saturating nuclear matter proposed in [6] , which we shall call GL force.
In order to fix the meson-hyperon coupling constants we have used several choices discussed in the literature: a) according to [6] we choose the hyperon coupling constants constrained by the binding of the Λ hyperon in nuclear matter, hypernuclear levels and neutron star masses (x σ = 0.7 and x ω = x ρ = 0.783) and assume that the couplings to the Σ and Ξ are equal to those of the Λ hyperon; b) we take x sB = x vB = x ρB = 2/3 as in [7] . This choice is based on quark counting arguments; c) we consider x sB = x vB = x ρB = 1 known as universal coupling for comparison [8] . In the results we display, whenever x sB = x vB = x ρB , the unique coupling constant will be called x H . For the NJL model, we consider the set of parameters [9] :
MeV and m s = 135.6 MeV which where fitted to the following properties:
The lagrangian density for the MIT bag model is identical to the one for the leptons, except for the degeneracy factor, which also accounts for the number of quark colors. In the energy density a factor +B and in the pressure a factor −B are inserted. This factor is responsible for the simulation of confinement. For the Bag model, we have taken B 1/4 =180 and 190 MeV.
The condition of chemical equilibrium is imposed through the two independent chemical potentials for neutrons µ n and electrons µ e and it implies that the chemical potential of baryon B i is
where Q 
where ρ iP c is the charge density of the phase i, χ is the volume fraction occupied by the quark phase and ρ l c is the electric charge density of leptons. According to the Gibbs conditions for phase coexistence, the baryon chemical potentials, temperatures and pressures have to be identical in both phases, i.e.,
reflecting the needs of chemical, thermal and mechanical equilibrium, respectively.
As a consequence, the energy density and total baryon density in the mixed phase read:
and
The EOS for the mixed phase are then constructed. Once they are obtained, the properties of the stars can be computed. The equations for the structure of a relativistic spherical and static star composed of a perfect fluid were derived from Einstein's equations by Oppenheimer and Volkoff [10] .
Results and discussion
In Tables 1 and 2 we show the values obtained for the maximum mass of a neutron star as function of the central density for some of the EOS studied in this work and for different temperatures. In Table 1 the GL force and the NJL model were used to derive the full EOS, while in Table 2 the EOS was obtained from the GL force and the MIT Bag model. For all EOS studied, the central energy density ε 0 falls inside the mixed phase. In some cases, at finite temperature, it can even occur in the quark phase.
The maximum masses of the stars do not show any regular behavior with temperature, contrary to the steady increase of the maximum allowed mass obtained with the GL model alone as shown in Table 3 . The trend seems to be a small decrease at lower temperatures followed by a small increase. Only in one case we have obtained a continuous increase of the mass. Comparing Tables 1 and 2 we conclude that the Bag model allows for smaller maximum masses, of the order ∼ 1.6 M , than the NJL model, ∼ 1.9 M . It is also seen that the maximum mass does not depend much on the hyperon couplings although in the NJL the same is not true for the onset of the mixed phase. For comparison we show in Table 3 For all EOS obtained the higher the temperature, the lower the densities for which the hyperons appear. The onset of the mixed phase occurs in most cases studied at higher densities for a higher temperature, the exception being the the NJL model for x H = 2/3. This can be confirmed in Fig. 1 where the full EOS, obtained respectively with the Bag and the NJL models, for x H = 2/3, are given for different temperatures. For this choice of hyperon couplings the Bag model predicts a mixed phase at lower densities (energies).
The presence of strangeness in the core and crust of neutron and proto-neutron stars can have important consequences in understanding some of their properties. We have calculated the strangeness content of the different EOS as a function of density. In Figs. 2 we plot the strangeness fraction. When the quark phase is described by the Bag model the strangeness fraction rises steadly and at the onset of the quark phase it has almost reached 1/3 of the baryonic matter. This behavior is independent of the hyperon-meson coupling constants used in this work. The NJL model predicts a different behavior: in the mixed phase the strangeness fraction decreases and increases again for pure quark matter. This behavior is due to fact that for the densities at which the mixed phase occurs the mass of the strange quark is still very high. The overall effect of temperature is to increase the strangeness fraction, except for the mixed phase with the NJL model where the strangeness fraction decreases more strongly for higher temperatures. 
